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Differential equations are used as mathematical models to describe dynamical systems
in the real world. Usually in the research process, if ordinary differential equations are used
to describe a dynamical system, it is first necessary to assume that the state of the system
at each point in time is only affected by the independent variables of the current system.
But in fact, many natural phenomena show that the development mechanism of a system
is not only related to the current state of the system, but also closely related to the past
state of the system. For example, in the study of ecosystem models, in order to accurately
reflect the form of natural systems, the delay term is an influential factor that cannot be
ignored, because the reproduction, migration and other behaviors of animals and plants
will have delays. In engineering systems controlled by feedback items, if the delay caused
by the feedback process is too long, the system will produce large oscillations and become
unstable. In the field of economics, the law of value operates due to delay between the
production process of producers and the purchasing behavior of consumers. Generally
speaking, the delay differential equations have more complex dynamical properties and
behaviors than the corresponding ordinary differential equations, which means that the
change of the equilibrium points are more flexible and difficult to predict. This is because
the delay terms that affect the equation can also change the stability and topological
structure of the equilibrium of the equation, which may produce Hopf bifurcation, fixed
point bifurcation, homoclinic orbits, heteroclinic orbits, limit cycles, chaos, and other
phenomena. The stability analysis of delay differential equations is the basis for clarifying
these phenomena, and therefore, it is a very valuable research topic. In addition, the
behavior of the solution is more complicated for differential equations with multiple delays
than for differential equations with a single delay.

The purpose of this thesis is to study the stability analysis of delay differential equa-
tions with two delays. The thesis consists of three chapters: In Chapter 1 we investigate
the dynamical analysis of a Beddington-DeAngelis commensalism system with two delays
and in Chapters 2 and 3 we discuss the exact stability criteria for scalar linear differential
equations with discrete and distributed delays.

Commensalism is a class of relationship between two organisms where one organism

benefits but the other is neutral (there is no harm or benefit). Amensalism is a system



between two species in which organisms of one species cause pain or death to organisms
of other species without any benefit to themselves. Many studies have investigated the
dynamical properties of commensalism and amensalism models. A mathematical model

for representing a commensalism or amensalism system was introduced in 2003 by Sun

and Wei:
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where ' = d/dt, x and y, correspond to the populations of two species at time ¢, re-

spectively; ry, ro, ki, and ko are positive constants. The paradigm is referred to as
commensalism if « is positive, and amensalism if « is negative.
In Chapter 1, we establish a two-species commensalism model, which incorporates the

Beddington—-DeAngelis functional response with two delays
2(t) =x(t) (ag — biz(t — 1) — c1z(t — 1)),
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where z (t) and y () denote the densities of two species at time ¢, respectively; a; and
as indicate the intrinsic growth of the two species, b; and by represent the density re-
striction coefficients of the two populations, respectively. The functional response of the
Beddington-DeAngelis type, that is, cz(t)/ (ma(t) + ny(t) + 1) describes the beneficial
influence of the first species on the second species. The delay 7, indicates the maturation
time of the population. Here, we also consider the mobility of population z(t) as c¢;x(t);
hence, the term ¢;2(t — 72)z(t) not only considers the migration that depends on the pop-
ulation density but also considers the delay of the impact of population migration. The
parameters aq, as, by, ba, c1, co, m, and n are all positive constants. The initial conditions

of (1) are given by

z(0) = ¢1(0) >0, y(@) = p2(0) >0, 0 €[—r0], r=max{r,n},
$1(0) >0, ¢2(0) >0,

where (¢1(6), ¢2(0)) € C ([-r,0,R%), R? = {(z,y) | = > 0,y > 0}.

In contrast with existing literature on commensalism systems, the system considered
in the present study has two delays in one species. We investigate the local stability of
the positive equilibrium and the presence of Hopf bifurcation. Furthermore, we construct
the Lyapunov functional to show the system has uniform persistence. Finally, we provide

numerical simulations to demonstrate the reliability of the derived results.



In Chapters 2 and 3, we study the asymptotic stability of a scalar linear differential

equation with discrete and distributed delays

' (t) = —ax(t) —bx(t — 1) — c/t_hx(s)ds, t>0. (2)

Here, a, b, and ¢ are real numbers, 7 and h are positive constants. Because (2) is linear
and autonomous, the asymptotic stability of (2) is completely characterized by the roots

of the associated characteristic equation

0
A a4 be ™ + c/ eMds = 0. (3)

—h
More precicely, the zero solution of (2) is asymptotically stable if and only if all the roots
of (3) have negative real parts.
In Chapter 2, we first discuss the asymptotic stability of (2) with the special discrete
and distributed delay, that is, h = 7; equation (2) becomes

2 (t) = —ax(t) — bx(t — 1) — c/t_ z(s)ds, t>0. (4)

In 2004, Sakata and Hara provided the stability result for (4) with @ = 0 or b = 0, and
Huang and Vandewalle derived the stability result for (4) with fixed 7. In 2006, Funakubo
et al. presented the delay-dependent stability criterion for (4) with b = 0 and fixed a and c.
To our best knowledge, no delay-dependent stability criterion for (4) with fixed b # 0 and
¢ # 0 has been obtained. We establish necessary and sufficient conditions guaranteeing

the asymptotic stability of the zero solution composed of explicit delay-dependent criteria.
Let wg = vb? + 2c — a?, and let 7%, 79, and o be the critical values of 7 defined as
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Theorem. The zero solution of (4) is asymptotically stable if and only if a+b+ ¢t > 0

and any one of the following nine conditions holds:

(i) a>0, b>a, *+2c—a>>0, and 0<7 <7,
(i) a>0, b>-a, V+2c—a*><0, ¢<0, and 0<7T <7,
(iii) a >0, b*+2c—a*<0, ¢>0, and T isarbitrary,
(iv) a>0, |b<a, bB*+2c—a*>0, and 0<7 < 0y,
(v) a>0, b<—a, ¢>0, and 7" <71 <o0,

)
)
)
)
)
)

(vi) a <0, b>—a, b*+2c—a*>>0, and 0<7 <7,



(vi)) a <0, b>—a, V*+2c—a*<0, and 0<7 <7,
(viil) a <0, bl <—a, *+2c—a®>>0, and 7T <T <70,
0

(ix) a<0, b<a, ¢>0, and 7 <7 <0

In Chapter 3, we further investigate the asymptotic stability of (2) with the different
discrete and distributed delay, that is, h = 27; equation (2) becomes

() = —ax(t) —bx(t — 1) — c/t_2 z(s)ds, t>0. (5)

In 2004, Sakata and Hara obtained the stability region for (5) with a = 0. Compared with
previous studies, no delay-dependent stability criterion for (5) with fixed b # 0 and ¢ # 0
has been obtained. By using the root analysis of the corresponding characteristic equation,
we derive necessary and sufficient conditions consisting of explicit delay-dependent criteria
to ensure the asymptotic stability of the zero solution.
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