ek OR4 L0y B 5§54
ARG OB AR 243 H 31 H

WX 4 Stochastic differentiability, Ogawa integrability and identification
from SFCs of random functions
GLESE DR 5y RIRENE, Ogawa F& 4y FIHEM:, M OYSFCIZ&AIH
E

MEAEE O FE A T
Rlf BER Bk
Al HE Rk
miAE o e
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identification from SFCs of random functions
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Abstract

We take up three topics in noncausal calculus, which is stochastic analysis for non-
causal functions, and give results concerning each topic as follows:

1. Stochastic differentiability: we introduce the notion of a stochastic differ-
ential of a noncausal function and give a result on the stochastic differentiability. We
briefly summarize the result. Let V' : [0,00) x 2 — C be a right-continuous with left-
limits process with right-continuous quadratic variation process [V] and with the the fol-
lowing property: for any interval [s,t] C [0, L] we have [V]; = [V]; a.s. implies (V; =
V, as. ) for any u € (s,t]. We introduce the L°(Q2)-module 2(V) of stochastic pro-
cesses X with differential Dy X with respect to V. Roughly speaking, the stochastic
differentiation Dy, defined as a L°(Q)-module homomorphism, becomes the inverse op-
eration of the stochastic integral and the space of integrands in Z(V') of a stochastic
integral forms the class of integrands of a version of the stochastic integral. We define
the subset Qv of 2(V) and prove Qy becomes a sub L°(Q)-module of Z(V). As a
consequence we have the following (1) and (2) for any X,Y € Qv and «, 3 € L°():
(1) [aX + BY]. = [;laDyX + DyY P d[V]. (2) (X,Y). = [, Dy X DyY d[V]. Here

(,) and [ | stand for the cross variation and quadratic variation, respectively.

2. Ogawa integrability: we give results on the Ogawa integrability, which has
been studied by S. Ogawa and J. Rosinski. The Ogawa integral is one of the integrals
defined for noncausal functions. Here, studying integrability means examining (nec-
essary and) sufficient conditions for a function to be integrable and investigating how
representation the integral has. We compare our results on the Ogawa integrability
with previous results. Ogawa obtained theorems on the Ogawa integrability of quasi-
martingales. As extensions of those theorems, we obtained teorems on the integrability
of Skorokhod integral processes. Moreover we got theorem on the integrability of S-type
[to processes or more general Wiener functionals, as an extension of those theorems we
obtained. On the other, Ogawa showed an integration by parts formula for the Ogawa
integral. We proved this type of formula as its extension.

3. Identification problem from stochastic Fourier coefficients: we give
results on the identification problem from stochastic Fourier coefficients (SFCs in abbr.),
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which is another topic posed and studied by Ogawa in noncausal calculus. We explain
the problem of identification. Let (e,)n,eny be a complete orthonormal system (CONS
in abbr.) of L*([0, L];C), (B})teo,0) & real Brownian motion on a probability space
(Q,F,P) and a,b measurable functions on the product measure space [0, L] x Q =
([0, L] <2, B([0, L)) ®@F, A|g(j0,))@P) taking values in C, which we call random functions.
Here, the symbol [O L]is is regarded as the in interval [0,00) if L = co. We consider the
SFC (e,,dY) = fo en(t)a(t) dB; + fo en(t)b(t) dt, where e,(t) denotes the complex
conjugate of en( ), of the stochastlc differential dY; = a(t) dB; + b(t) dt with respect to
(€n)nen, which is introduced by Ogawa. We note that the SFC (e,,dY’) does not make
sense unless the stochastic integral fOL dB is specified, €,a is stochastic integrable and
€,b is Lebesgue integrable on [0, L]. Specifically, the SFC is called of Skorokhod type
(SFC-S) if the stochastic integral fOL dB is the Skorokhod integral and of Ogawa type

(SFC-0O) if the stochastic integral fOL dB is the Ogawa integral. The question is as
follows: Letting A = N or A C N, is the map which associates a pair (a,b) of random
functions a and b with the sequence of SFCs ((e,,dY))nea injective? If yes, how is the
inverse of the map 7

The following are the results we obtained: to begin with we introduce the no-
tion of constructive identification in an assigned first-order language and introduce B-
dependent (resp. B-independent) identification, which can be called identification ”in
need of” (resp. ”in no need of”) the condition that the underlying Brownian motion is
(Bt)iejo,00)- We obtained affirmative answers to the question about the determinability
of random functions from SFCs. The results are given in the following way. Here, the
results starting with "Derivation’ give concrete derivation formulas of random functions.

(S) Identification from SFC-Ss
(S-I) B-independent identification

(S-I-1) Theorem: Derivation of |a| from SFC-Ss of a stochastic differential whose
diffusion coefficient a(t) is a locally absolutely continuous Wiener func-
tional and drift term b(t) is square integrable almost surely

(S-D) B-dependent identification

(S-D-1) Theorem (extension of a theorem by Ogawa, Uemura (2014)): Determi-
nation of a square integrable Wiener functional from its SFC-Ss

(S-D-2) Theorem (extension of Theorem (S-D-1) and another theorem by Ogawa,
Uemura (2014)): Determination of a stochastic differential whose coeffi-
cients are square integrable Wiener functionals, from its SFC-Ss

(S-D-3) Theorem: Derivation of a(t) from SFC-Ss of a stochastic differential whose
diffusion coefficient a(t) is a locally absolutely continuous Wiener func-
tional and drift term b(t) is square integrable almost surely

(O) Identification from SFC-Os



(O-I) B-independent identification

(O-I-1) Theorem (extension of a theorem by Ogawa, Uemura (2018)): Derivation
of the absolute value |a| from SFC-Os of any noncausal finite variation
process a(t)

(O-1-2) Theorem (extension of Theorem (O-I-1)): Derivation of |a| from SFC-Os
of a stochastic differential whose diffusion coefficient a(t) is any noncausal
finite variation process and drift term b(t) is square integrable almost
surely

(O-I-3) Theorem (extension of Theorem (O-1-2)): Derivations of Rea, Ima, Realma
and (sgna)a from SFC-Os of a stochastic differential whose diffusion co-
efficient a(t) is the sum of any complex noncausal finite variation process
and a complex local martingale, i.e. a process whose real and imaginary
parts are local martingales, and a Skorokhod integral process and Hilbert-
Schmidt integral transforms of Wiener functionals, and whose drift term
b(t) is square integrable almost surely

(O-I-4) Theorem (extension of Theorem (O-1-3)): Derivations of Rea, Ima, Realma
and (sgn a)a from SFC-Os of a stochastic differential whose diffusion coef-
ficient a(t) is in a certain class £ *¢ and drift term b(t) is square integrable
almost surely.

(O-D) B-dependent identification

(O-D-1) Theorem: Determination of a stochastic differential whose coefficients are
square integrable Wiener functionals and whose diffusion coefficient is a
Skorokhod integral process, from its SFC-Os

(O-D-2) Theorem: Derivation of any noncausal finite variation process a(t) from
its SFC-Os

(O-D-3) Theorem (extension of Theorem (O-D-2)): Derivation of a(t) from SFC-
Os of a stochastic differential whose diffusion coefficient a(t) is any non-
causal finite variation process and drift term b(¢) is square integrable
almost surely

(O-D-4) Theorem (extension of Theorems (O-D-1) and (O-D-3)): Derivation of
a(t) from SFC-Os of a stochastic differential whose diffusion coefficient
a(t) is the sum of any complex noncausal finite variation process and a
complex local martingale and a Skorokhod integral process and Hilbert-
Schmidt integral transforms of Wiener functionals, and whose drift term
b(t) is square integrable almost surely

(O-D-5) Theorem (extension of Theorem (O-D-4)): Derivation of a(t) from SFC-
Os of a stochastic differential whose diffusion coefficient a(t) is in £ "¢
and drift term b(t) is square integrable almost surely.



Here, in each statement above, the CONS (e,,)nen which defines SFCs is taken generally
and the above-mentioned result on the stochastic differentiability is used to obtain the
results (O-1-3), (O-1-4), (O-D-4) and (O-D-5). Besides, we can get the same result on
derivation from the SFC-Ss of a stochastic differential whose diffusion coefficient a(t)
is the sum of a function in L°(2; L>°[0, 1]) adapted to the Brownian filtration and a
Wiener functional a € £ such that sup |a(t)|o1.2 < 00, as (O-1-3), (O-1-4), (O-D-4)
te[0,1]
and (O-D-5) from the argument in their proofs. Moreover, all the results listed above
on B-independent or B-dependent identification assert at the same time constructive

identification in a certain assigned first-order language Lo or LF, respectively.
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% ELEAEL X (t) DMER Fourier £2% (stochastic Fourier coefficient, SFC) &L, SFC % & & 2 fiff Rt
4378 Skorokhod {7 H* Ogawa B3 22k U CTENZE N SFC-S,SFC-O £ %3Gl %, SFC ((en,dX))nen
N Z oz UT, SLEE a(t),b(t) »° SFC K Wi Ehd» %M (B) TIEEET 5,

R I ELBIEAY Skorokhod 412 TR I 115 Wiener PLEAENTH 2 56 B 1w X TH 5 N7z [HE
(A) IZB9 BHEHR GERL 5.1, EHL 5.2, EHL 5.3) % T HIZJAWV Wiener B TH 25 & 123 L CTRHIE (A)
IZBT 2R E2G7 (B 5.5), 72, ELEAEAY Wiener LA TH 256 12 g TE S 17z & (B)
D SFC-S BT 28558 (EHE 6.3, € 6.4) & SFC-O (ZBIT 24%5H (EH 6.7) % BLEAEA R Al xd e
7% Wiener NI TH 53560 SFC-S 2B 565K (EH 6.5, EH 6.6) & IERRNAFRLEHERTDH 5
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